ON THE QUIVER GRASSMANNIAN IN THE ACYCLIC CASE 
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Abstract. Let A be the path algebra of a quiver Q with no oriented cycle. We study 
geometric properties of the Grassmannians of submodules of a given A-module M. In 
particular, we obtain some sufficient conditions for smoothness, polynomial cardinality 
and we give different approaches to Euler characteristics. Our main result is the positivity 
of Euler characteristics when M is an exceptional module. This solves a conjecture of 
Fomin and Zelevinsky for acyclic cluster algebras. 



0. Introduction 

Let M be a finite dimensional space on a field k. The Grassmannian Gre(M, /c) of M 
is the set of subspaces of dimension e. It is well known that Gre{M,k) is an algebraic 
variety with nice properties. For instance, the linear group GLe(M, /c) acts transitively on 
Gre(M, k) with parabolic stabilizer, hence the variety Gre(M, k) is smooth and projective. 

Suppose now that M has a structure of ^d-module, where ^ is a finitely generated k- 
algebra. It is natural to define the Grassmannian Gre{M,A) of A-submodules of M of 
given dimension e. It is a closed subvariety of Gre{M,k), hence it is a projective variety. 
But in general this variety is not smooth. 

Let Q he a finite quiver with no oriented cycle and let A := kQ be the path algebra of 
Q. Then, A is a finite dimensional algebra with minimal idempotents e^, i £ Qo, where 
Qq is the set of vertices of Q. The ^-module M has a dimension vector dim(M) := 
(dim(ejM))j G N*^" which refines the notion of dimension. The Grassmannian Gre(M, ^4) 
splits into a disjoint union of closed subvarieties Gr^ (M, A) of submodules of M with given 
dimension vector e such that X^jCj = e. Hence it is natural to study the geometric 
properties of the so-called quiver Grassmannian Gre(M) := Gre{M, A). 

The quiver Grassmannian can be found in [HI [22] in connection with the dimension of 
spaces of morphims of /cQ-modules. It plays an important role in Fomin-Zelevinsky's theory 
of cluster algebras, p^. Indeed, as proved in ^ and Euler characteristics Xc(Gre(M)) 
of quiver Grassmannians define sets of generators of cluster algebras in the acyclic type. 

To be more precise, consider the ring of Laurent polynomial i £ Qo] ^-nd for any 

(f.d.) /cQ-module M with dimension vector m = (mj), set: 



t(h)-et(h) e^(h) 
ieQo e heQi 



where Qi is the set of arrows of Q, and s{h), t{h) are respectively the source and the 
target of the arrow h. Then, it is known that a set of generators of the cluster algebra 
is given by {Xm} where M runs over the set of exceptional modules, i.e. modules with 
no self-extension. These generators are called cluster variables. Moreover, the set {Xm}-, 
where M runs over the set of f.d. modules is (at least conjecturally) a Z-base of the cluster 
algebra which is an analogue of Lusztig's dual semicanonical base, [6J. 

The aim of the paper is to study geometric properties of quiver Grassmannians, and in 
particular to understand their Euler characteristics. 
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In the first section with give an inductive formula to compute Xc(Gre (M)) when M 
is a preprojective (or postinjective) module. This uses the Auslander-Reiten algorithm of 
construction of the preprojective representations and in particular the notion of almost split 
sequences. Unfortunately, it is not clear from the inductive formula that the characteristics 
Xc(Gre(M)) are positive. 

The second section is devoted to positivity. On the one hand, a well-known result of J. A. 
Green and C. Ringel (see [El EI]) asserts that quantum groups can be realized as deformed 
Hall algebras of the category mod kQ and so Xc(Gre (M)) can be realized as coefficients of 
some convolution product in a PBW-basis. On the other hand, we know that Lusztig's 
canonical basis of quantum groups has nice positivity properties. We obtain two results 
from these remarks: 

First, proposition [3] asserts that if the quiver Grassmannian Grg (M) is counted by a 
polynomial of q, then its characteristics is positive. 

Our second positivity result, theorem [H solves a conjecture of Fomin and Zelevinsky 
for acyclic cluster algebras. It states that Xc(Gre(M)) is positive if M is an exceptional 
module. 

Recall that the positivity in the Dynkin case was proved in [1]. With the help of propo- 
sition [31 we generalize this result for extended Dynkin quivers in section 3: the Euler 
characteristics is positive for any representation M on an extended Dynkin quiver. Ac- 
tually, what we need is a polynomiality property of the quiver Grassmannians Gr^ (M) 
and we prove that we can deduce it from a polynomial property of varieties of represen- 
tations which are easier to handle, namely the varieties of representations X such that 
dim Horn (X,M) is equal to a fixed integer a. 

In section 4, we give some results on smoothness. We realize the quiver Grassmannian 
as a geometric quotient of an affine variety and this enables us to obtain a description of 
the tangent space of Gre(M) at a point U; we deduce the following 

(e,m -e) < dimr[/(Gre (M)) < {e,m -e) dim Ext^(M, M), 

where (_, _) is the Euler form on Z'^" identified with the Grothendieck group of mod kQ, see 
14.21 This inequality implies clearly that the quiver Grassmannian is smooth if the module 
M is exceptional. This also provides a dimension estimate of the variety. 

We introduce in section 5 some material on cluster algebras in order to explain the main 
application of the positivity theorem. As explained above, cluster variables for acyclic 
quivers are positive, which is a particular case of a conjecture of Fomin and Zelevinsky. 

We end with an open problem tightly linked with the Euler characteristics and its 
positivity. Can we find a cellular decomposition of the quiver Grassmannian? Solving this 
problem can lead to some combinatorics for the calculus of Xc(Gre (M)). 

Acknowledgements: The first author wants to thank Gus Lehrer and Andrei Zelevin- 
sky for stimulating conversations. 

1. Quiver Grassmannians. 

1.1. Let fc be a field. We fix a finite quiver Q such that the path algebra H = kQ is finite 
dimensional. Since this property is equivalent to the fact that Q has no oriented cycle, 
such a quiver will be called acyclic. 

Let Qo be the set of vertices and Qi the set arrows of Q. Set n = #Qo- For any arrow 
h of Qi, we denote by s{h) its source and t{h) its target. We fix an ordering of Qq = [1, n] 
such that if there exists a (non trivial) path from j to i, then j < i. Since Q has no oriented 
cycles, it is possible to construct such an ordering. 
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A representation {V,x) of Q over A; is a Qo-graded /c- vector space V = ©iGQo^« 
gether with an element x = ixh)heQi in Ey := 'n.heQi^°'^i^s{h),Vt{h))- A morphism 
between two representations {V,x) and (y',x') is a Qo-uple of (A;-spaces) morphisms in 
riieQo compatible with x and x', i.e. inducing commuting square diagram. 

We denote by Rep^Q the category of (finite dimensional) representations of Q over k. 
For each vertex i, let Si be the associated simple representation. The Grothendieck group 
of the category Rep^Q can be identified with Z*^" via the dimension vector map dim: 

dim(M) = (dim(Mi)),gQo. 

There is a well known equivalence between RepkQ and the category mod{kQ) of finite 
dimensional /cQ-modules; hence a representation of Q will be naturally considered as a 
feQ-module. 

The group Gy := DieQc ^^i^) ^^ts on Ey by {gi).{xh) = {gt{h)Xhg~Q,))- Clearly, the 
isoclasses of a finite-dimensional -fT-module M are naturally identified with the points of a 
Gv-orbit Om of representations of Q. 

For any finite dimensional //-module M, and any e in we denote by Gre(M) the 
Grassmannian of submodules of M with dimension vector e : 

Gre(M) = {AT^ iV e iJ-mod, C M, dim(A^) = e}. 

It is a closed subvariety (hence projective) of the classical Grassmannian of the vector space 
M. 

We know that this variety is obtained by base change from a variety defined over Z. So 
the field k will sometimes be omitted. Let Xc be the Euler-Poincare characteristic of /-adic 
cohomology with proper support defined by 

oo 

Xc(Gre(M)) = j;(-l)MimF^(Gr,(M),Q;). 

fi=0 



1.2. We give here some basic properties for the computation of the characteristics of 
quiver Grassmannians. This first proposition asserts that we can restrict ourselves to the 
indecomposable case. 

Proposition 1. \^ Proposition 3.6] Let M and N he two Q -representations and let g he 
a dimension vector, then 

Xc{Grg{M(BN))= ^ Xc(Gre (M))xc(Gr^ (A^)). 

Proof. It is sufficient to remark, see [3, Equation (26)], that the map 

t: : Grg{M ® N) ^ ]J Grg (M)) x Gr^ (A), A ^ (A n M, AT + A/A), 

is a surjective morphism of algebraic varieties with affine fibers. □ 

Now, we can calculate these characteristics for some particular Q-representations. 

/- - N / ^ NX I 1 if e = dim (Si) or 

(1-1) Xc(Gre(5,)) = - 

I U otherwise 

Let Pi be the indecomposable projective module with top Si. It is known that if M is a 
submodule of Pi, then either M = Pi or M cRadPj = (Bi^jPj- By this argument and the 
proposition above, we obtain 
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(1-2) Xc(Gre(P.)) = l+ E Uxci^'eAPj)). 

This together with equation 11.11 provides an inductive formula for the ordering of Qo, 
which enables to compute the characteritics of projective modules. For injective modules, 
which are dual to projective modules, it is sufficient to see that 

Gr^iV^Grg°!;Z)iV, 

where D is the duality functor from TlepkQ to RepA^Q"^^. 

1.3. We now provide an inductive formula for the Euler characteristics of quiver Grass- 
mannians of a wider class of modules called preprojective and postinjective modules. For 
this, we need to recall the definition of an almost split sequence and the Auslander-Reiten 
theorem, [Tj. 

A short exact sequence 

(1.3) 

in HepkQ is called almost split if the following conditions are satisfied 

(i) M and N are indecomposable 

(ii) The map a does not split 

(iii) Given any representation A^' and any morphism p : N' ^ N which is not a split 
epimorphism, then p factors through a. 

The proposition that follows is a slight variation of proposition [H Actually, the hypo- 
thesis passes from "split" to "almost split". 

Proposition 2. Let O^M^E^N^Obean almost split sequence and let g be a 
dimension vector. Then, 



'Ee+/=,Xc(Gre(M))xc(Grj(A)) if g ^ dhnN 

Ee+/=^Xc(Gre(M))xc(Gr/(A)) + l if g =dimA 



Proof. As in the proof of proposition [H it is sufficient to remark, see ^ Lemma 3.11], that 
the almost split property implies that the map 

vr : Grg{E) ]jGre(M)) x Gr/(A^),A: ^ {X nM,X + M/M), 

is a morphism of algebraic varieties such that 

1. case g = dim N: 'ir~^{M' , N') is empty if {M',N') = {0,N), and is an affine space if 
not. 

2. case g ^ dim N: ^^^{M' , N') is an affine space for any {M',N'). □ 

The Auslander-Reiten theorem asserts that for any non injective indecomposable rep- 
resentation M, there exists a unique almost split sequence beginning with M. Dually, for 
any non projective indecomposable representation A^, there exists a unique almost split 
sequence terminating in N. 

For any non injective indecomposable representation M, let r_M be the unique in- 
decomposable representation (up to isomorphism) N such that 11.31 is almost split. By 
convention set r_/ = if / is injective. The indecomposable representations of the form 
T^iPi), m € N, i G Qo are called (indecomposable) preprojective representations. 

Dually, for any non projective indecomposable representation A^, let r+ A be the (unique) 
indecomposable representation M such that ll.3l is almost split. By convention set t+P = 



ON THE QUIVER GRASSMANNIAN IN THE ACYCLIC CASE 



5 



if P is projective. The indecomposable representations of the form T'^{Ii), m E N, i G Qo 
are called (indecomposable) postinjective representations. 

Let V, resp. I, be the set of indecomposable preprojective, resp. postinjective, rep- 
resentations. By the Auslander-Reiten algorithm, V can be endowed with an ordering ^ 
such that: 

(i) {Pi, i G Qo} is the set of minimal elements for ^, 

(ii) ^ is generated by M ^ r_M, M G P 

(iii) For any M in V, and any summand Ej of E in the almost split sequence — > M — > 
E T_{M) 0, we have M < Ej < t-M. 

Hence, Proposition [2] gives a recursive formula to calculate the Euler characteristics of any 
quiver Grassmannian of a preprojective or postinjective representation. Namely, with the 
notation above, Xc(Grj(r_M)) = 

(14) fxc(Gr/(i?))-Ee+/'=/Xc(Gre(M))xc(Gr;,(r_M)) if / ^dimr_(M) 
jl if / = dim r_(M) 

Note that the positivity of Euler characteristics of quiver Grassmannians is not clear from 
this formula. It will be the subject of the two next sections. 

2. Positivity 

2.1. Let X be a complex quasi-projective variety, and let be a model of X over some 
finitely generated subring Z C ii C C, that is, C x/j Xr — X. Given a maximal ideal 
m <Z R, we can form the reduction Xk of X/j to a scheme over the finite field k = R/m. 
We say that X has the polynomiality property if there exists a polynomial P{t) G Z[t] 
such that, for infinitely many maximal ideals ni of R, the number of A;-rational points of 
Xk equals -P(|A:|) (note that this property in fact depends on the chosen model XrI). By 
a straightforward generalization of [20, Proposition 6.1], it is sufficient to require existence 
of a rational function P{t) G Q{t) with this property. 

In particular, we can consider the polynomiality property for the quiver Grassmannian, 
since it is defined over Z. We begin with a proposition which claims that the polynomiality 
of the quiver Grassmannian implies its "positive polynomiality". 

Proposition 3. Let M be a finite- dimensional Q -representation and let e be in Z'^o. 
Suppose that the cardinality of Gre{M)Yq is a non zero integral polynomial Pe,M evalu- 
ated in q. Then, the polynomial Pe,M has positive coefficients. In particular, we have 
Xc(Gre(M)) >0. 

Proof. The last assertion comes from the classical result Xc(Grg(j\,/)) = Pe,M(l); see for 
example [3, Lemma 3.5]. 

So, we just need to prove that Pe,M has positive coefficients. Actually, we will show that 
this is a consequence of Lusztig's theorems on canonical bases of quantum groups, [18] and 

m- 

For m in N*^", and Vm = ©IF™', let Hm{<l) be the C- vector space of all Gv„ -invariant 
functions on Em ■= Ey^ ■ 

Let 'H{q) be the vector space gn<3o "^m (q) • We can define on 'H{q) a C-algebra 
structure by 

(/i*/2)(M)= f,{M/N)f2{N), 

NCM 

where N runs over the (finite) set of submodules of M. This defines an associative unital 
N'^o.gj-aded algebra, the Hall algebra of Q (see [21]). 



6 PHILIPPE CALDERO AND MARKUS REINEKE 

For any isoclass X of FgQ-modules, let Ix G W('i') be the characteristic function of the 
corresponding orbit Ox G -Edim x ■ 
We have 

(Ix * ly)(M) = #{N C M, iV ~ y, M/N ~ X}. 

For any dimension vector m , let Im be the constant function with value 1 on ■ Set 
m = dimM. Then it is easily seen that 

(2.1) (l^_e * le)(M) = #{N, NCM, dimiV = e} = #Gre(M) = Pe,M('7), 

Recall that we fixed an ordering of Qo = [l,n] such that if there exists a (non trivial) 
path from j to i, then j < i. 
Consider the divided power 

1 (e,) _ -|e» 

where [ei]q\ = \ei\q\ei — l]q . . . and [a]q := X^^Jq^ (t for any integer a. Then we have 

It is known that Iq/^ is an element of Lusztig's canonical basis B of Ti.{q). Hence, Ig is 
a product of elements of the canonical basis, and so is Im-e * le • 

By Lusztig's positivity theorem, [18^ Theorem 14.4.13], the product of elements of the 
canonical basis has positive polynomial coefficients in the canonical basis. We can write: 

(2.2) Irn-e * le = ^ Qb{q)b, Qbio) = ^ Cb^mq"", Cb,m ^ Z>0- 

beB b,m 

Now, in order to apply [2711 we need a description of the evaluation h{M) of the function 
h on the module M. 

A theorem of Lusztig, |19t Theorem 5.2], gives such a description. Actually, the function 
h is obtained by taking an alternating sum of traces of the Frobenius map on the cohomology 
of a simple perverse sheaf which is pure of weight 0. More precisely, we have 

dimff'(Pi,)M 

(2.3) h{M) =Y, J2 (-l)'aii.b,M, with I a,j-6,Af |= q'^\ 

i j = l 

where aij^b,M, 1 < i < dim//*(Pf,)M, is the set of eigenvalues of the Frobenius map on the 
stalk at M of the i-th cohomology of the /-adic complex Pb- 
Now, we can use 12.11 12.21 12.31 to obtain 

(2.4) Pe,Mi<l) = Yl (-l)'cb,m9™a*jAM- 

b,i,j,m 

For any nonnegative integer s, we can replace q by q'^ and obtain 

(2.5) PeMiq') = E i-^Ycb^mq'^'at^^bM- 

b,i,j,m 

As M and e are fixed, we now omit e and M in the formulas. We set 



(2.6) 



P(g) = Pe,M(g) = J^Pfcg'. 

k 
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Let t be an indeterminate, we calculate by 12.51 the formal serie exp — . As, 

Pfe e Z (by hypothesis), Cb^m € Z>o, we obtain: 

(2 7) TT i = TT i 

V (1 - g'^t)?^ .-I- J- (1 -g™ai,-5t)(-i)'^^.™' 

fc i,],b,m ^ ^ 'j'" ' 

We conclude that any Oy^b which is not cancelled in the right hand product is an integral 
power of q. 

This implies that any aij^b which is not cancelled in the right hand sum of 12.41 is an 
integral power of q. In particular, by the last equality of 12.31 we obtain that if aij^b is not 
cancelled in the right hand sum of 12.41 then i is even. 

Using [231 again, we see that P has nonnegative coefficients. 

□ 

We will see in section [3] that this proposition implies the positivity of x(Gre (M)) in the 
Dynkin and extended Dynkin case. Recall that the Dynkin case was also proved in 

2.2. We study here the case where the module M has no self-extension. We will prove 
that the polynomiality, and so the positivity, is implied by this hypothesis. This example 
will be fundamental in section El 

In the sequel, a Q-representation will be called exceptional if Extg (M,M) = 0. For 
example, any indecomposable preprojective or postinjective module is exceptional. 

Theorem 1. Let Q he an acyclic quiver and let M he an exceptional Q -representation. 
Then, for any dimension vector e such that Gre(M) is non empty, the cardinality of 
Gre(M) If^ is a positive polynomial in q. In particular, Xc(Gre(M)) > 0. 

Proof. Set m := dimM and Gm '■= Gy^ ■ 
Prom the equations 12.11 and 12.21 we have 

(2.8) #Gre(M) |f,= * le(M) = ^Q6(g)6(M), Q^^q) G Z>o[(?]. 

beB 

Now, we need to prove that there exists a unique h such that h{M) 7^ in the sum. Indeed, 
let 6 be an element of B which is non zero on M. 

The corresponding perverse sheaf Ph is by construction a Gm -invariant perverse sheaf, 
[19] . By construction, see [7^ 8.4], its support is a closed G^, -subvariety 5;, of Em and its 
restriction on a open Zariski dense Oh of Sh is a Gm -invariant local system. 

Now, the restriction of Ph on Om is a local system. As Sh contains M, it contains the 
Gm -orbit Om which is an open dense orbit since M is exceptional. So, Sh = Em- As the 
orbit Om has a connected stabilizer (on C), then [TJ Lemma 8.4.11] implies that the local 
system is the trivial sheaf on Om- Now, a perverse sheaf whose support is a vector space 
and which is trivial on a Zariski open subset is the constant sheaf. 

This implies that Ph is the constant sheaf and so h{M) = 1. 

Equation 12.81 gives 

(2.9) #Qr,{M)\^=Qh{q). 
This ends the proof. 

□ 



Corollary 1. If M is a preprojective or a postinjective module, then any non empty quiver 
Grassmannian of M has positive Euler characteristics. 
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3. A REFORMULATION OF THE POLYNOMIALITY PROPERTY AND ITS APPLICATIONS 

3.1. Now, let's consider a completed version of the Hall algebra (compare [20]) and per- 
form some computations with certain generating functions in it. By applying an evalua- 
tion map, this yields an identity involving cardinalities of quiver Grassmannians over finite 
fields. 

Define := nmeN<3o '^miq)- The convolution product on T~i{q) of section [2] prolongs 
to a product on Ti. We also consider the skew commutative formal power series ring 
^[[N^o]] = rimeNQo with product -t^' = q-(ni,!n')tm+rn\ We define the integral 

as the hnear map / : n{q) Cg[[n'^'-% given by / Ix = \Aut(x)\ ' ^11 F^Q- 

representations X. The integral is in fact a C-algebra homomorphism by |20j . 
We consider the following special elements of Ti{q): 

^|Hom(X,M)|lx, gM :=^|HomO(X,M)|lx, 

meN«0 [X] [X] 

where the last two sums run over all isomorphism classes of finite dimensional representa- 
tions ofWqQ. We write Hom{X, M) for the space of FgQ-homomorphism, and Hom'^(X, M) 
for the subset of monomorphisms. 

Lemma 1. The identity gjvi ■ e = cm holds in TC{q), for all representations M ofWqQ. 
Proof. By the definitions, we have 

[XUY] [Z] YCZ 

For each representation Z, the inner sum on the right hand side is the cardinality of the set 
of pairs {Y, g) consisting of a subrepresentation Y oi Z and an injective map g : Z/Y — > M. 
But this set is in bijection to Hom(Z, M) by assigning to a map f : Z ^ M the pair 
(ker(/),7:Z/ker(/)^M). Thus, 



9M -6 = ^ \Hom{Z,M\ ■ Iz = ex- 

[Z] 



□ 



E l .dimX _ \ " I m 

[X] 



We integrate the three elements: 

|Aut(X)| ^ '^\G: 
since l/|Aut(X)| can be rewritten as | Ox \ / \ Cdim x \ ■ Similarly, 



I f?"'^-^ I 
\Grn 



where E'^ denotes the subset of Em consisting of representations X such that the di- 
mension of Hom(X, M) equals a. Finally, 

To see this, we consider the set of pairs consisting of an isomorphism class of a 

representation X of dimension vector m, together with an injective map g : X ^ M. 
Sending such a pair to the image of g induces a surjection to Gr^ (M), whose fibres are 
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precisely the Aut(X)-orbits of injective maps. 

Since the integral is an algebra map, the lemma implies the following identity in Cq[[N'^"]]: 




Comparing coefficients, this yields the following recursive formula: 



Proposition 4. The cardinalities of the quiver Grassmannians are given by: 




The above recursive formula now yields: 

Corollary 2. The quiver Grassmannians Gr^ (M) have the polynomiality property if all 
the varieties Em^^ have the polynomiality property. 

In particular, this yields the polynomiality property of quiver Grassmannians in the case 
of Dynkin quivers without reference to the existence of Hall polynomials: in this case, each 
Em^^ is a union of finitely many Gm -orbits in E^ , all of which have the polynomiality 
property by identifying Ox with the homogeneous space Gm,/Aut(X). 

3.2. We can apply corollary [2] and proposition [3] to the extended Dynkin type. 

Proposition 5. Let Q be a quiver of extended Dynkin type, let M be a kQ-module. Then, 
for any dimension vector e the quiver Grassmannian Gre(M) has the polynomiality prop- 
erty. //Gre(M) is non empty, then its Euler characteristics is positive. 

Proof. The last assertion is a consequence of the first one by proposition [3l To prove 
the first one, we use proposition [T] to reduce to the case of indecomposable M. We will 
construct a decomposition of Em into a disjoint union of strata, such that 

1. The number of strata is finite, 

2. each stratum has the polynomiality property, 

3. dimHom(_, M) is constant along the stratum. 

Points 1, 2, 3 imply that each variety E'^^ has the polynomial property; hence Corollary 
[2] provides the first assertion. 

Recall the classification [0] of the indecomposable A;(5-representations into preprojective, 
postinjective, regular homogeneous and regular non-homogeneous ones, reflecting the clas- 
sification of the Auslander-Reiten components. All indecomposables of dimension vector a 
multiple of the minimal imaginary root 5 are represented in these last two classes. More- 
over, any regular homogeneous component contains a unique module with given dimension 
vector n5, n > 0. 

As M is indecomposable, it belongs to one of the A.R. components. We denote by Cq this 
component if M is regular homogeneous. If not, we can just set Cq = % m the sequel. 

Fix isomorphism classes P, I, R, C oi a preprojective, resp. postinjective, resp. regular 
non-homogeneous representation, resp. Co-component representation, and fix finitely many 
partitions Ai, . . . , A/;. We define the stratum 5 = Spj^ii^c,Xi,...,Xk as consisting of all 

representations of the form 



k oo 



i=l j = l 
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where the Uij are regular homogeneous indecomposables of dimension vector j-5 belonging 
to k pairwise different homogeneous components Ci, . . . ,Cfc (different from Cq), that is, Uij 
belongs to Ci for all Since there are at most finitely many isomorphism classes of 
preprojective or postinjective or regular non-homogeneous indecomposables of any given 
dimension vector, this defines a finite stratification of Em ■ Hence, point 1 is verified. 

Since the number of isomorphism classes of indecomposable representations of any given 
dimension vector behaves polynomially in the cardinality of the finite base field by |15j . 
the number of isomorphism classes in each stratum S does, too. So, let Ps{q) be the 
polynomial counting the number of isomorphism classes of indecomposable representations 
in S. 

By standard facts on morphisms between indecomposables over extended Dynkin quiv- 
ers [5] (in particular, the standard directedness properties and orthogonality of regular 
components), the isomorphism type of the automorphism group of a representation is con- 
stant along each stratum. Thus, the cardinality of orbits is constant, say i^Os, along each 
stratum. From these facts, we conclude that #S = Ps{q)i^Os- Moreover, an orbit has the 
polynomial property, so point 2 is proved. 

Again by [9j, dimHom(_, M) is constant along each of these refined strata; this gives 
point 3 and we are done. □ 

4. The tangent space of the quiver Grassmannian. 

This section adopts some methods from [22] (see also [171 section 4.6]) and is devoted 
to the calculation of the tangent space of the quiver Grassmannian Grg (M) considered as 
a scheme. As a corollary, we obtain the smoothness of the variety Gr^ (M) when M is an 
exceptional module. 

4.1. Let M = ((Mj)j, {Ma)a) be a representation of Q over k of dimension vector m, and 
let e be another dimension vector. We still denote by Eg the variety of representations of 
Q over k of dimension vector e , and by Ge the group acting on it. 

Fix A;- vector spaces Ui of dimension for all i € / and define Hom(e,m) as the space 
of / graded linear maps Hie/ Homfc(J7j, Mj). 

Consider the subvariety Hom''(e,M) of Re x [-\om{e,m) consisting of pairs of tuples 
{iUa)a, {fi)i) such that all fi are injective, and M^fi = fjUa for all arrows a : i ^ j. Thus, 
Hom'^(e,M) parametrizes representations of dimension vector e together with an injective 
/cQ-morphism to M. The group Ge acts freely on Hom'^(e,M) by {gi)i{{Ua), (fi)) = 

Lemma 2. The quiver Grassmannian Gre(M) is isomorphic to the geometric quotient 
Hom°(e,M)/Ge. 

Proof. Consider the map (p : Hom''(e,M) Gre(M), which maps an element {{Ua), (fi)) 
to ®ifi{Ui) CM. 

It is well defined since the relations Mafi = fjUa assert that (Bifi{Ui) is a submodule of 
M. Moreover cj) is clearly surjective. 

Suppose that {{Ua), {fi)) and {{U^), {fl)) have the same image by (p. Hence, for any i, 
fi{Ui) = fi{Ui) and by injectivity of fi, f[ for any x in Ui there exists a unique y in Ui 
such that /j'(y) = fi{x). The maps x i— > y define an element gi of Aut(C/i). This gives 
{gi)i{{Ua), {fi)) = {{Ua)' 1 {fi))- Hence each fiber of is a (free) Ge -orbit. This implies the 
lemma. □ 

Note that the following proposition generalizes a well-known result for classical Grass- 
mannian of vector spaces. 
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Proposition 6. Let M be a kQ-module of dimension vector m, and let U be a submodule 
of M of dimension vector e. Then, the tangent space Tu{Gre (M)) at U of the quiver 
Grassmannian Gr^^M) is isomorphic to HomfcQ([/, M/[/). 

Proof. To compute the tangent space T[/(Gre(M)), we fix a point {{Ua), (fi)) in Hom°(e , M) 
in the fiber (^"^{11), compute the tangent space T of Hom'^(e , M) at this point, and factor 
it by the image of the differential of the action of Ge ■ 

To compute T, we perform a calculation with dual numbers: since Re x Hom(e,m) is 
just an affine space, an element of the tangent space at the point {{Ua),{fi)) looks like 
{{Ua + eCa)) {fi + e^i))) ^ith ((Co), (^i)) G i?e X Hom(e ,m). The condition for this to 
belong to the tangent space T is therefore: 

Ma{fi + eAi) = {fj + eAj){Ua + eCa) 

for all a : i ^ j, which yields the condition 

(4.1) M^Ai = fjCa + A,Ua, 

for all a : i — > j. 

The differential of the action of Ge is computed by applying the definition of the action 
to a point ((1 + exj)j) of TiGe '■ 

(1 + exiU{Ua + eCa), {fi + eAi)) = 

= (((1 + exj){Ua + eCa)(l - exi))a.,i-.j, {{fi + eAi){l - exi))) = 

= {{Ua + e{Ca + XjUa - UaXi))a:i^j , {fi + e{Ai - fiXi))). 

By the above, we arrive at the following formula for the tangent space to the quiver 
Grassmannian: 

Tu{Gr^{M)) = {((C^)^(-4.)) I MaA, = f^Ca + A,Ua} 

\^{{xjUa UaXi)a:i—^ji { fi^i)) \ {Xi)i G T^Ge} 

To understand this condition better, we can assume without loss of generality that Ma 
is given as a 2 x 2-block matrix 

Ua Ca 
Na 

for all a, and that fi= [q] for all i (1 representing the identity matrix). We also write 



Ma 



for all i ^ I. Then the condition 14.11 reads 



Ua 



Na 



C, 



Ci 



Ua 



yielding the two conditions 
and 



UaBi + ^aCi = Ca + BjUa 



NaCi — CjUa 

for all a : i — > j. The subspace to be factored out reads 

—Xi 





{{{XjUa - UaX. 



))}■ 



Hence, choosing Xi = —Bi, we can assume each Bi to be zero. We also see that each d^a is 
uniquely determined by Bi and Cj by the above formula. So the only remaining choices are 
the Ci, subject to the condition NaCi = CjUa for all a : i — > j. This condition just means 
that C = {Ci) defines a /cQ-morphism from U to N = {Na)a, and N can be identified with 
M/U. This proves the proposition. □ 
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4.2. We give here some consequences of the tangent space formula. 

First recaU that, since kQ is hereditary, the Euler form (M, M') := dim HomfcQ(M, M') — 
dim Ext^Q(M, M') passes to the Grothendieck group. 

Corollary 3. Let M he a kQ-module of dimension vector m, and let U be a submodule of 
M of dimension vector e . Then, 

{e,m - e) < dimTuiGreiM)) < {e,m -e) + dim Ext^(M, M). 

In particular, 

(e,m - e) < dimGre(M) < (e,m - e) + dim Ext^(M, M). 

Proof. Applying Hom(_, M) to the short exact sequence — > C/ — > M ^ M/U 0, we get 
a surjective map Ext^ (M,M) Ext^(C/, M), since kQ is hereditary. 
Applying Hom ([/,_) to the same sequence yields a surjection 

Ext^ (C/,M) ^ Ext\U,M/U). 

This implies 

dimExt\U,M/U) < dimExt^{U,M) < dim Ext^(M, M). 

Hence, the equality dim HomfcQ(f7, M/f7) = (e , m — e )+dim Ext^(C/, M/C/) gives the propo- 
sition. □ 

Corollary 4. Let M be an exceptional module and let e be such that Gr^ (M) is non empty, 
then Gre(M) is a smooth projective variety of dimension {e,rn — e). 

Proof. Consider the closed subscheme Gr^ {m ) of Em xj^^ Gr^' consisting of pairs (M, {Ui)i) 
of a representation M of dimension vector m and a collection Ui C Mi of Cj-dimensional 
subspaces such that 

for all arrows h. This condition defines a subbundle of the trivial vector bundle with fibre 
Em over HiGr™', thus Gr^ (rn) is smooth and reduced. Its dimension is easily calculated 
as 

^ei{mi - Ci) + ^e,^h)et(^h) + ^{m^(h) - (is{h))mt{h) = diraEm + (e,m - e). 

i h h 

The projection vr : Gre(m) — > Em is proper, and its fibre 7r~^(M) is isomorphic to the 
scheme Gre (M). Now assume that Gr^ {M) is non-empty, and that M is exceptional. This 
means that the image of vr contains the orbit of M, which is open. But since vr is proper, its 
image is closed. Thus, vr is surjective. By the theorem on generic smoothness [13, III. 10. 7.], 
this implies that a generic fibre of vr is smooth, thus reduced, and of dimension 

dim Grg {m ) — dim Em = {§l,IR ~ §.)■ 

Using again the fact that the orbit of M is open in Em-, we conclude that Gre(M) is a 
smooth variety of dimension (e , m — e ) . □ 

Note that this corollary does not imply the last part of theorem [T] since smooth projective 
varieties may have non positive characteristics. 
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5. Application to acyclic cluster algebras 

5.1. We recall some terminology on cluster algebras. The reader can find more precise 
and complete information in [lOj and [llj . 

Let n be a positive integer. We fix the ambient field T := Q(xi, . . . , x^), where the Xj's 
are indeterminates. Let x be a free generating set of T over Q and let B = (bij) be an 
n X n antisymmetric matrix with coefficients in Z. Such a pair (x, B) is called a seed. 

Let (u, B) be a seed and let uj, 1 < j < n, be in u. We define a new seed as follows. 
Let u'j be the element of defined by the exchange relation: 

(5.1) u,v'^= n y^'+ n 

bij>0 b,j<0 

Set u' = u U {u'j}\{uj}. Let B' be the n x n matrix given by 

-bik ifi = j OT k = j 

^bik + ^{ \bij\bjk + bij \bjk \ ) otherwise. 

By a result of Fomin and Zelevinsky, (u', B') = /Uj(u, B) is a seed. It is called the mutation 
of the seed (u, B) in the direction Uj (or j). We consider all the seeds obtained by iterated 
mutations from the seed (x, B). The free generating sets occurring in the seeds are called 
clusters, and the variables they contain are called cluster variables. By definition, the 
cluster algebra A{x, B) associated to the seed (x, B) is the Z-subalgebra of J- generated 
by the set of cluster variables. The graph whose vertices are the seeds and whose edge are 
the mutations between two seeds is called the mutation graph of the cluster algebra. 
Let Q be an acyclic finite quiver, we can associate a matrix B^ = (&^)jjG(5o defined by 

#Qi,ij if Qi,ij non empty 
-#Qi,ji if Qi,ji non empty 
otherwise 



b' 



ik 



6« 



where Qi^ij is the set of arrows from i to j. The cluster algebra associated to the seed 
(x, Bq) will be denoted by A{Q). 

5.2. We denote by £q the set of exceptional indecomposable Q-representations. According 
to [5], see also [3], there exists a bijection (5 from the set £q to the set Clg of cluster variables 
of the cluster algebra A{Q). 
The bijection is given by 

m) = XM=x{ j:xc(Gr,(M)) n 

ieQo e heQi 

Note first that this formula precises, in the acyclic case, the Laurent phenomenon, see 
[10] ■ true in general, and which asserts that the cluster variables are Laurent polynomials 
with integer coefficients in the Xi, 1 < i < n. 

This theorem answers a positivity conjecture of Fomin and Zelevinsky in the acyclic 
case. It is a direct consequence of Theorem [1] 

Theorem 2. Let Q an acyclic quiver and A{Q) be the associated cluster algebra. Then, 
the cluster variables are in Z>o[x^^, . . . , x^^] 

We deduce another proof of the denominator property in the acyclic case, [5], [2], [14j . 

Corollary 5. Let M be an exceptional indecomposable kQ-module with dimension vec- 
tor dimM = {rrii). Then the denominator of Xm cls an irreducible fraction of integral 
polynomials in the variables Xi is Yl^ x^^ . 
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Proof. By the positivity theorem, Xm is a hnear combination with positive integer coeffi- 
cients of terms Jl^r*' ^ ^- These terms are indexed by the set of dimension vectors of 
submodules N of M, and for each submodule N, we have that 



Let us put d = dimM and e = dimA'^. Then it is sufficient to prove that 

1. for all /, we have rii > —di and 

2. for all /, there exists a submodule N such that the equality holds. 

Since we have < < for all i, the first assertion is clear. For the second one, we 
simply choose to be the submodule of M generated by all the spaces Mj such that there 
exists an arrow I ^ j. Then the terms in Yli^i^i vanish since Q has no oriented cycles 
and the terms in '^i^Adj — ej) vanish by the construction of A^. □ 



6.1. We add here some remarks on constructive calculus of the Euler characteristics of the 
quiver Grassmannian in the acyclic case. Indeed, the use perverse sheaves gives the posi- 
tivity of Xc(Gre (M)) but one can't expect any combinatorial formula from this approach. 

It is natural to ask if the quiver Grassmannian Gre (M) has a cellular decomposition, in 
particular, a decomposition induced by the Schubert cell decomposition of the (subspaces-) 
Grassmannian of M. 

In [6j, the authors follow this idea for the Kronecker quiver and obtain closed formulas 
for the cluster variables and even for a Z-base of the corresponding cluster formula. 

Let's sketch a general approach to the problem. Let Q be any acyclic quiver and set 
H := kQ. We consider the multiplicative group H* of invertible elements of H. Let M be 
an i7-module with dimension vector dim (M) = m and let (f) be the group homomorphism 
H* GL(M) resulting from the module structure of M. 

As Q is acyclic, we obtain that H* is a solvable, so is (j){H*), and this implies that there 
exists a Borel subgroup B of GL(M) which contains (j){H*). 

Let Gr^(M) be the (classical) Grassmannian of subspaces of M with dimension e. If 
I e |:= Cj = e, then Gre (M) is a closed subvariety of Gr^(M). The group homomorphism 
(j) induces an action of H* on Grg (M). We claim that LI|e |=e Gre (M) = Gr^(M)-'^* . 

Indeed, it is clear that any element of Gre (M) is fixed by H* . Conversely, as H* is Zariski 
dense in H, any subspace fixed by H* is stable by H and so, it belongs to IJ|e|=e Gre(M). 

Now consider the Schubert cell decomposition relative to B: 




6. Remarks on constructivity. 



Gr,(M) = ]JX„ 



j 

where Xj is an affine space endowed with a left i?-action. 
Hence, there comes: 



Proposition 7. We have the following decomposition 



U Gr,(M) = U4 



|e|=e j 



where Xj are affine spaces with a regular H* -action. 



The problem is that this decomposition has no reason to be a cellular decomposition 
since the action of B on the affine cell Xj is in general not affine. But the method may 
afford nice formulas when the Q-representation M is well understood. 
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6.2. Let us describe some results of l6j, obtained by using a Schubert decomposition. 



Let Q be the Kronecker quiver with vertices 1 and 2 and two arrows a, [3 from 1 to 2. 
The isoclasses of indecomposable Q-representations where found by Kronecker, [16], and 
are described a follows 

Let M" be the Q-representation defined by a{ui) = fj, = Wj+i, 1 < i < re, where 

(ui, . . . resp. (vi, . . . , is a base of Mf , resp. Mg*. 

Let DM^ be the dual Q-representation of M'^, ie the spaces are the dual spaces (M^)*, 
and (M")*, and the arrows are just the adjoint morphisms. 

Let Mreg(A)", X £ k, he the Q-representation defined by a{ui) = Vi, /3{ui) = Xvi + Wj+i, 
1 < i < n, where {ui, . . . ,Un), resp. {vi, . . . ,Vn), is a base of MregiX)^, resp. Mreg{X)2- 

Then, Af^, L'M", n > 0; Mre(,(A)", n > 0, A e /c, is the complete set of isoclasses of 
indecomposable Q-representations . 

Using the method above one finds. 

Proposition 8. [6] 
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